A Symmetry Principle has been shown to augment unambiguously the Einstein Field Equations, promoting the whole closed-string massless NS-NS sector to stringy graviton fields. Here we consider its weak field approximation, take a non-relativistic limit, and derive the stringy augmentation of Newton Gravity:
I. Introduction
One of the fundamental problems in physics today is the dark matter problem. Despite a variety of observational indications, e.g. galaxy rotation curves [1] , the Bullet Cluster (1E0657-558) [2] , and ghostly galaxies without dark matter [3] , no single experiment has ever succeeded in the direct detection of dark matter particles. Alternative hypotheses, including notably MOND [4] , pass over the Equivalence Principle and modify General Relativity (GR), but only give partial explanations while being often accused of harming the mathematical beauty thereof.
Developments over the last decade in an area of string theory, now called Double Field Theory (DFT), have gradually unveiled a new form of pure gravity [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . It is based on the O(D, D) Symmetry Principle, with D denoting the spacetime dimension. The symmetry can be broken only spontaneously but never explicitly, as the theory is constructed in terms of strictly O(D, D)covariant field variables, namely the DFT-dilaton d and DFT-metric H AB (or more powerfully DFT-vielbeins), forming the new pure gravity sector. The Symmetry Principle further fixes their coupling to generic matter contents which should also be in O(D, D) representations. Examples include Yang-Mills [16, 17] , fermions [18] (c.f. [19] ), R-R sector [20] [21] [22] [23] , full-order supersymmetrizations [24, 25] , point particles [26, 27] , fundamental strings [28] [29] [30] [31] [32] [33] , and the Standard Model itself [34] . Naturally, the Einstein Field Equations are augmented to an O(D, D)-symmetric form [15] (c.f. [35] for a short summary): [14] , while T AB is the on-shell conserved energy-momentum tensor, defined through the variation of the matter Lagrangian with respect to {H AB , d} [15] . Remarkably, the perfectly O(D, D)-symmetric vacua, satisfying G AB = 0, turned out to be a topological phase which allows no moduli and no interpretation within Riemannian geometry, thus escaping beyond the realm of GR [30, 36, 37] . Only after a spontaneous symmetry breaking of O(D, D), the familiar string theory backgrounds characterized by the Riemannian metric g µν and the Kalb-Ramond skew-symmetric two-form potential B µν emerge: these component fields parametrize the DFT-metric while being identified as the Nambu-Goldstone bosons [38] . The master formula (1) then reduces to (c.f. [39] for non-Riemannian cases)
which imply a pair of conservation laws,
(3) The left and the right hand sides of the equalities in (2) come from G AB and T AB in (1) separately. Schematically, K [µν] , K (µν) , and T (0) are the energy-momentum tensor components relevant to B µν , g µν , and the string dilaton φ = d + 1 4 ln |g|, respectively. Having said that, since (1) is derived from the variations of the O(D, D) covariant fields, in particular the DFT-dilaton d rather than the string dilaton φ, the specific form of the Einstein curvature, R µν − 1 2 g µν R, does not automatically appear in (2) .
We stress that for each matter content, the O(D, D) symmetry determines its coupling to the closed-string massless NS-NS sector of {B µν , g µν , φ} and hence fixes K µν , T (0) completely [15] . For example, a point particle should couple to the string frame metric g µν onlyminimally in the standard way-resulting in K [µν] = 0, T (0) = 0, and
The particle follows geodesics defined in the string frame,
Rewriting this in the Einstein frame would involve the gradient of φ and thus obscure the Equivalence Principle. That is to say, the O(D, D) Symmetry Principle asserts that the Equivalence Principle for a point particle should hold in the string frame. On the other hand, fundamental strings, spinorial fermions, and the R-R sector couple to B µν and g µν but not to φ, resulting in asymmetric K µν and (still) trivial T (0) . Further, in contrast, gauge bosons couple to g and φ, but do not interact with the B-field (44) [34] . While the B-field does not interact with the electromagnetic force nor point particles, its electric H-flux nevertheless contributes to the mass formula [15] ,
In fact, having a larger profile than the (visible) matter represented here by K 0 0 , the electric H-flux can produce non-monotonic non-Keplerian rotation curves [26] . In this way, H-flux behaves like dark matter [40] , c.f. [41] . Note that its dual scalar is also known as a dark matter candidate, 'an axion' [42] [43] [44] [45] .
It is the purpose of the present Letter to consider the weak field approximation of (2), (3), (5) for D = 4, take a consistent non-relativistic limit, and faithfully derive the stringy augmentation of Newton Gravity spelled out in the Abstract. We hope our work may deepen the physical understanding of the O(D, D)-completed General Relativity (1) and contribute to examining rigorously the prospect of H-flux as a dark matter candidate.
II. Lorentz symmetric weak field approximation
We start our weak field approximation of (2) by linearizing the metric, g µν = η µν + h µν , g µν ≃ η µν − h µν , around a flat Minkowskian background with trivial Hflux and dilaton φ. The spacetime indices are raised or lowered by the constant metric η, e.g. h µν = η µρ η νσ h ρσ . The linearized Riemann curvature,
is invariant under the linearized diffeomorphisms,
It follows from (7) and (9),
and further, from the integrability of (9),
Similarly, we choose a gauge for the B-field,
Now, assuming the following scales,
the consistent linearization of (2) can be achieved,
which, with (11), imply the following linearized conservation equations,
With a well-known relation,
the first formula in (14) is solved by a 'retarded potential',
where x 0 ret := x 0 − |x − x ′ | is the retarded temporal coordinate. Thanks to ∂ ρ K [ρµ] = 0 (15), up to a surface integral, the gauge condition (12) is indeed fulfilled,
The expression for the H-flux follows
In a similar fashion, with some shorthand notations,
we solve the second formula in (14),
From (14), (15) , and the H-flux Bianchi identity, we get
which gives, comparable to (18),
This verifies for consistency that (21) indeed satisfies the integrability condition (11), while the third formula in (14) is automatically fulfilled as ∂ ρ ∂ σ h ρσ (x) = − T (x). Lastly, from (9), the string dilaton is fixed,
To summarize, through (19) , (21) , and (24), {K µν , T (0) } ('matter') determines {H λµν , h µν , φ} ('geometry'). While H λµν is given by a single volume integral, the other two, h µν , φ, involve triple volume integrals of 'matter'. It is worth while to note that the quantity inside the bracket in (23) is related to the O(D, D) singlet integral measure of DFT (scalar density with weight one),
The linearized geodesic equation assumes the form,
III. Non-relativistic limit: Stringy Newton
We proceed to take the non-relativistic, large c limit of (14) . With x 0 = ct, we let all the fields be functions of (t, x) = (t, x i ), i = 1, 2, 3. We suppress ∂ 0 = 1 c ∂ ∂t = 0 and put ∂ ρ ∂ ρ = ∂ i ∂ i = ∇ 2 . Further, for the point particle of (4), (5), we set t = τ (proper time) and |ẋ| << c, such that the linearized geodesic equation (26) reduces toẍ i = 1 2 ∂ i h 00 c 2 only. Combined with (9), (14) , this fixes all the scales, which are compatible with (13) :
This then straightforwardly produces the non-relativistic limit of the previous weak field approximation: with ∂ 0 = 0 assumed, after removing the symbol c, replacing x 0 ret by t, and putting bars over each quantity, all the formulas from section II survive to preserve their forms and set of relations. For example, (14) reduces to
and (17) becomes
Furthermore, the H-flux Bianchi identity reads now
Hereafter, we focus on the Newton potential which is the only quantity directly relevant to the particle dynamics,
We then identify all the quantities which can affect the Newton potential: namely, the mass density ρ, the stringy current density K, and B-field/H-flux vectors B, H, as follows ρ := 2K 00 , 
Crucially, {ρ, K, Φ, H} forms an 'autonomy' of closed relations: from (28),
and, from (15), (30) , K and H are both divergenceless,
That is to say, the Newton potential is fully determined by the mass density and the stringy current density at the same time: directly so by ρ, and indirectly so by K as mediated through H,
Although H originates from the electric components of the H-flux, its behaviour is identical to the magnetic field in classical Magnetostatics such that a "Biot-Savart law" holds above. The vector potential B has NS-NS B-field origin, and notation-wise should not be confused with the magnetic field. It is instructive to note that ρ eff . is consistent with (6) at the linearized level (c.f. [46] ), and involves a double volume integral as
In analogy to the magnetization in electrodynamics, we introduce the notion of stringization for the stringy current density K which is divergence free,
The corresponding B, H are, from (16) , (35) (c.f. [47] ),
|x−x ′ | and Φ s is a stringy scalar potential,
(39) Clearly from (38) , ∇×H = 4πG∇×s. Far away from a localized source, |x| >> |x ′ |, we observe a stringy dipole, 
As an example, we consider a uniformly 'stringized' sphere of radius a, with constant ρ and s, to get (c.f. [47] )
for |x| > a .
(41) Thus, the total effective mass density (35) for |x| > a , (42) where θ is the angle between s and x. As anticipated from the general formula (36), ρ eff . has a |x| −6 profile.
Another example is of Dirac monopole type (singular),
where the path should not cross the point of x. The profile is now thicker as ρ eff . = Gq 2 4π |x| −4 which may be comparable to some known dark matter profiles [49, 50] . In fact, this configuration corresponds to the linearization of a known exact spherical solution to (2) [48] which has been shown to feature a non-monotonic and hence non-Keplerian rotation curve [26] .
IV. Conclusion
We have shown that the O(D, D)-completed General Relativity or Einstein Field Equations (1) reduce in the non-relativistic limit to the Stringy Newton Gravity (33) . Symmetry-wise, the O(D, D) of (1) is broken spontaneously in (2) of which General Covariance is reduced to Lorentz symmetry in (14) and further to Galilean symmetry in (33) . It would be of interest to investigate whether General Covariance can be recovered as in (stringy) Newton-Cartan Gravity [51] [52] [53] .
The final resulting formulas (33) resemble a hybrid of Newton Gravity and Magnetostatics. Out of D 2 + 1 = 17 number of components of the stringy energy-momentum tensor, T AB (1) or {K µν , T (0) } (2), only four, i.e. the mass density ρ and the stringy current density K, participate in determining the Newton potential (35) . Different types of matter have different ρ and K (or stringization s). If the matter is non-stringy particle-like, K is trivial and we fully recover Newton Gravity. On the other hand, in the presence of distinct kinds of matter, the center of ρ may not coincide with that of H·H. These might explain the ghostly galaxies without dark matter (or without H-flux sourced by K) [3] and the Bullet Cluster [2] respectively. It would be of the utmost interest to test Stringy Newton Gravity more rigorously against observations. For this, one needs to also analyze light or electromagnetism (for a recent discussion see [54] ). The O(D, D) Symmetry Principle prescribes gauge bosons to couple to g and φ but not to B-field [34] ,
This seems to imply that a photon would not merely follow a null geodesic, but would be also influenced by the dilaton φ, e.g. [55] . Further analysis on the action (44), using methods such as Eikonal approximation [56] , is desirable.
